Abstract: It is well known that one-loop free energy of closed strings diverges above the Hagedorn temperature. One explanation for this divergence is that a 'winding mode' in the Euclidean time direction becomes tachyonic above the Hagedorn temperature. The Hagedorn transition of closed strings has been proposed as a phase transition via condensation of this winding tachyon. However, we have not known the stable minimum of the potential of this winding tachyon so far. On the other hand, we have previously calculated the finite temperature effective potential of open strings on D-brane-anti-D-brane pairs, and shown that a phase transition occurs near the Hagedorn temperature and D9-brane-anti-D9-brane pairs become stable. In this paper, we present a conjecture that D9-brane-anti-D9-brane pairs are created by the Hagedorn transition of closed strings, and describe some circumstantial evidences. We compute two types of the cylinder amplitudes of open strings and show that these amplitudes approach to the sphere amplitude of closed strings with two winding tachyon insertion in the closed string vacuum limit together with the Hagedorn temperature limit. We also show that the potential energy at the open string vacuum decreases limitlessly as the temperature approaches to the Hagedorn temperature. It is natural to think that the open string vacuum becomes the global minimum near the Hagedorn temperature.
Introduction
Since the early days of string theory, it was observed that perturbative string gas has an interesting thermodynamic property. The string gas has a characteristic temperature called the Hagedorn temperature [1] . The one-loop free energy of strings diverges above this temperature. Over the past decades a considerable number of studies have been made on the thermodynamic behavior of strings near the Hagedorn temperature. In type II string theory, the Hagedorn temperature for closed strings and that for open strings are the same.
In the case of closed string gas, it has been said that the Hagedorn temperature is not really a limiting temperature but rather is associated with a phase transition, in analogy to the deconfining transition in QCD. This is because we can reach the Hagedorn temperature by supplying finite energy in this case [2] [3] . One explanation for the divergence of free energy is that a 'winding mode' in the Euclidean time direction in the Matsubara formalism [4] becomes tachyonic above the Hagedorn temperature. Sathiapalan [5] , Kogan [6] and Atick and Witten [7] have proposed the Hagedorn transition of closed strings via condensation of this winding tachyon. Although significant effort has been devoted to search the stable minimum of the potential of this winding tachyon, we have not succeeded in finding it out so far. The potential of closed string tachyon should be calculated on the basis of closed string field theory. However, this theory has not been well-established. That is why it is difficult to find out the potential minimum.
Previously, we have investigated thermodynamic behavior of coincident D-brane-anti-D-brane pairs in type II string theory. Although brane-antibrane pairs are unstable at zero temperature [8] (for a review see, e.g., Ref. [9] ), we have pointed out in the previous papers that, in some cases, these unstable branes become stable at sufficiently high temperature [10] [11] [12] . 1 We have investigated thermodynamic properties of these branes by calculating the finite temperature effective potential of open strings on these branes based on boundary string field theory (BSFT). Let us describe the results, for example, in the case of the braneantibrane system in a 9-dimensional non-compact flat space. For D9-brane-D9-brane pairs, a phase transition occurs at slightly below the Hagedorn temperature and the D9-brane-D9-brane pairs become stable when the temperature increases. On the other hand, for the Dp-brane-Dp-brane pairs with p ≤ 8, such a phase transition does not occur. We thus concluded that not a lower dimensional brane-antibrane pairs but D9-brane-D9-brane pairs are created near the Hagedorn temperature. Let us call this phase transition 'thermal brane creation transition'. This work is applied to cosmology [16] , and is generalized to the case that a D-brane and an anti-D-brane are separated [17] .
There are signs that these two phase transitions, namely, the Hagedorn transition and the thermal brane creation transition are related to each other. The first sign is concerning to the thermodynamic balance of open strings and closed strings on D9-D9 pairs in type IIB string theory. In the case of an open string gas on the D9-D9 pairs, we need infinite energy to reach the Hagedorn temperature [2] [3] . This means that the Hagedorn temperature is a 'limiting temperature' for open strings on these branes. This is in sharp contrast to the case of closed strings, in which we need finite energy to reach the Hagedorn temperature. Thus, if we consider thermodynamic balance, open strings dominate the total energy of strings [12] . The open string degrees of freedom are rather important than the closed string ones near the Hagedorn temperature.
The second sign is concerning to world-sheet picture of the Hagedorn transition of closed strings. Atick and Witten argued that, since the insertion of the winding tachyon vertex operator corresponds to the creation of a tiny hole in the world-sheet which wraps around the compactified Euclidean time, an infinite number of tiny holes are created in the process of the winding tachyon condensation [7] . However, if we identify the boundary of a hole created by winding tachyon vertex operator with a boundary of an open string, we can regard this world-sheet as that of open strings on spacetime-filling branes. In the zero temperature case, Shatashvili conjectured that the closed string world-sheet is obtained from the open string one in the closed string vacuum limit [18] , and it is examined based on BSFT [19] , on BCFT [20] , on VSFT [21] and on CSFT [22] [23] [24] [25] .
From these arguments we expect that the stable minimum of the Hagedorn transition of closed strings is related to the open string degrees of freedom. The main purpose of this paper is to present a conjecture that D9-brane-D9-brane pairs are created by the Hagedorn transition of closed strings, and describe some circumstantial evidences for this conjecture. We concentrate on D9-brane-D9-brane pairs in type IIB string theory in this paper, although we can deal with non-BPS D9-branes in type IIA string theory instead.
The outline of the paper is as follows. In §2 and §3, we review the Hagedorn transition of closed strings and the thermal brane creation transition, respectively. In §4, we propose the conjecture mentioned above. Then, we describe the circumstantial evidences for this conjecture. In §5, we compute two types of open string amplitude, namely, the cylinder amplitude and the cylinder amplitude with a single massless boson (massless closed string in NS-NS sector) insertion. We show that each amplitude in the closed string vacuum limit together with the Hagedorn temperature limit approaches to the sphere amplitude for two winding tachyons, and to the sphere amplitude for two winding tachyons and a single massless boson, respectively. It seems reasonable to conclude that the winding tachyon is the closed string vacuum limit of the boundary of an open string. In §6, we compare the potential energy at closed string vacuum with that at the open string vacuum. There is good evidence to show that the open string vacuum becomes the potential minimum near the Hagedorn temperature. We conclude in §7 with a discussion of future directions. We have also included an appendix, in which we briefly explain the transformation between the one-loop free energy of closed strings in S-representation (E-representation in Ref. [26] ) and that in F-representation.
Hagedorn Transition of Closed Strings
We begin by reviewing the Hagedorn transition of closed strings [5] [6] [7] . We can compute the one-loop free energy of strings by using Matsubara method. The one-loop worldsheet of a closed string has torus topology. Then we can derive one-loop free energy in the S-representation (E-representation) or F-representation. The free energy in the Frepresentation is explicitly invariant under PSL(2,Z) modular transformation of world-sheet torus. However, in order to explain the meaning of winding tachyon, it is convenient to start with the proper time form of one-loop free energy, from which we can directly derive one-loop free energy in S-representation. For ideal gas of many species of point-particles in (d + 1)-dimensional spacetime, it is given by
where M b represents the mass of boson, and M f that of fermion, and we take the sum over mass eigenvalues. w is the number of times which the world line wind around the compactified Euclidean time. We can compute the one-loop free energy of superstrings as the collection of point-particles with superstring mass spectrum.
We consider the type IIB closed string gas in 10-dimensional spacetime. For the closed string gas, it is convenient to rewrite (2.1) as
by using the variable τ 2 defined as
α ′ is the slope parameter and β H the inverse of the Hagedorn temperature
In this case, w is the number of times which the world-sheet wind around the compactified Euclidean time. The mass square of closed superstrings in the light-cone gauge is given by 5) where N andÑ denote the oscillation numbers of left-moving mode and right-moving mode, respectively. These oscillation numbers depend on the periodicity condition of fermions on the world-sheet. The oscillation number of the left-moving mode is given by
for Neveu-Schwarz (NS) condition, and
for Ramond (R) condition, and the same for the right-moving mode. N B , N N S and N R are ordinary written as operators. However, we need only their eigenvalues here, and they are given by 8 )
9)
where n I l = 0, 1, 2, · · · and n I r , n I m = 0, 1. ν andν are 1/2 for NS mode, and 0 for R mode. The eigenvalues of the GSO projection operators for the left-moving mode are given by
11)
12) Figure 1 . Shaded region is the domain of integration S in the S-representation.
and the same for the right-moving mode. n a is related to the zero modes of R fermion and n a = 0, 1. In order to impose level-matching condition
we insert the integral representation of Kronecker-delta, 14) to the summation over the mass eigenvalues in equation (2.2) . Taking these conditions into consideration, we obtain the one-loop free energy in the S-representation as 2 15) where τ = τ 1 + iτ 2 , and the domain of integration S is sketched in Figure 1 . Comparing this with the results of path integral calculation, we can identify τ as moduli parameter of torus world-sheet. However, this free energy is not explicitly invariant under PSL(2,Z) modular transformation, which is generated by the shift T and the inversion S defined as
We can transform the free energy into modular invariant form by using unfolding technique [26] [27], as we shortly see in the Appendix A. Then we obtain the one-loop free energy in the F-representation as [7] where we have defined
The domain of integration F is one of the fundamental regions of modular transformation, and is sketched in Figure 2 . The prime over the sum indicates the exclusion of m = n = 0. We can add m = n = 0 term and get rid of the prime over the sum, since the term vanishes due to well-known aequatio identica satis abstrusa
The free energy in this expression is explicitly modular invariant [7] . In order to see this, it is sufficient to prove the invariance under the transformations (2.16) and (2.17) . For the shift T (2.16), we can verify it by using the modular transformation of the Jacobi theta functions 24) and replacing m ′ = m and n ′ = m + n, and for the inversion S (2.17), by using 28) and replacing m ′ = −n and n ′ = m. Let us denote the greatest common divisor of integers x and y as [x, y]. Then w in (2.15) and m, n in (2.18) are related as [m, n] = w as is explained in Ref. [26] and [27] , as we see in Appendix A. In order to see the winding tachyon, we further transform this one-loop free energy by using the Poisson resummation formula
(2.29) Figure 2 . Shaded region is the domain of integration F in the F-representation.
For example, for the first term in the braces in (2.18), the summation over m and n is transformed as
We can also transform other terms similarly, if we notice that, for example, (−1) m = e πim . Then, we obtain the one-loop free energy in dual-representation as [7] 
where we have defined
The form of S D β (m, j; τ ) is reminiscent of T-duality [28] [29] . However, this one-loop free energy is not invariant under the exchange of √ 2β/β H and β H /( √ 2β). 3 If we focus on m = ±1, j = 0 part in (ϑ 3 ) term, we obtain a factor
This is the origin of the divergence of the one-loop free energy above the Hagedorn temperature. Put it another way, comparing with the proper time form of one-loop free energy (2.2), we can express the 'mass' of these modes as 35) and they become tachyonic for β < β H . These modes are called winding tachyon. It is noteworthy that this winding tachyon corresponds to the closed string winding once around the compactified Euclidean time. Since [±1, l] = 1 for an arbitrary integer l, the m = ±1 terms come from w = 1 terms in (2.15), and corresponding world-sheet winds around the compactified Euclidean time once. Sathiapalan [5] , Kogan [6] and Atick and Witten [7] have proposed that the phase transition occurs via the condensation of these tachyonic modes. Atick and Witten further argued about the world-sheet picture of strings [7] . The insertion of the winding tachyon vertex operator means the creation of a tiny hole in the world-sheet which wraps around the compactified Euclidean time. Thus, the addition of the winding tachyon vertex operators to the world-sheet action induces the creation of a sea of such holes. At low temperature, sphere world-sheet does not contribute to the free energy, since it cannot wrap the compactified Euclidean time. However, if we consider the condensation of winding tachyon above the Hagedorn temperature, the sphere world-sheet is no longer simply connected, and it contributes to the free energy above the Hagedorn temperature. From the calculation of the coupling of a dilaton and two winding tachyons they inferred that the Hagedorn transition is first order phase transition, and that it takes place at slightly below the Hagedorn temperature. It should be noted that these modes can be interpreted as winding tachyon only in the Matsubara formalism, namely, if we perform the Wick rotation of the time direction and compactified it with period β. As we can see from above calculation, the winding tachyon is derived by regarding temperature dependent part as mass part in the free energy. We cannot identify which modes condensate to what extent in Lorentzian time when this winding tachyon condensates in the Euclidean time.
Thermal Brane Creation Transition
In this section we review our previous work about coincident D-brane-anti-D-brane pairs at finite temperature [10] [11] [12] . We have investigated the thermodynamic properties of the D-brane-anti-D-brane pairs by calculating the finite temperature effective action of open strings on these branes. We can evaluate the tachyon potential for a D-brane-anti-Dbrane pair by using BSFT [30] [31] [32] [33] . This theory is based on the Batalin-Vilkoviski formalism [34] . The effective action for tachyon field is provided by the master equation of this formalism. In the case of superstrings, the solution of the classical master equation is given by [35] tachyon3 [37] [38]
where I ef f is the spacetime effective action and Z is the disk partition function of the two-dimensional world-sheet theory. If we calculate this solution in a constant tachyon background in the case of a single Dp-Dp pair in type II string theory, we obtain the tachyon potential [35] [38]
[39]
where T is a complex scalar tachyon field and v p is the p-dimensional volume of the system that we are considering. τ p is the tension of a Dp-brane, which is defined by
where g s is the coupling constant of strings. The potential has the maximum at T = 0 and has the minimum at |T | = ∞ in this case. We can adjust the overall coefficient such that this potential satisfies Sen's conjecture [40] [41] [42] [43] , that is, the potential height equals to the tension of the Dp-Dp pair. In order to calculate the free energy by using the Matsubara method in the ideal gas approximation, we must calculate the one-loop amplitude. We have assumed that the relation (3.1) also holds if we include the higher loop correction of the world-sheet theory, namely, if Z is the partition function to all orders of the two-dimensional world-sheet theory. If we consider the one-loop amplitude based on BSFT, we are confronted with the problem of the choice of the Weyl factors [44] 
where we have used the Euclidean convention [53] . This action is natural in the sense that both sides of the cylinder world-sheet are treated on an equal footing in this case. They proposed this action on the basis of the principle that low energy part of one-loop free energy should coincide with that of the tachyon field model [35] [36] [38] [39] .
We have investigated Dp-Dp pairs in a 9-dimensional non-compact flat space [10] . If we compute the one-loop amplitude in the space where the Euclidean time direction is compactified with period β, we obtain the free energy. We will explain the precise derivation in the case of a Dp-Dp pair in §5. The result is
This free energy can also be obtained from the proper time form of the free energy [54] [55] [56] . For open string gas on Dp-Dp pairs, it is convenient to express (2.1) as
by using the variable τ defined as
The difference of definition of integration variables (2.3) and (3.7) cause the difference in the power of exponential. w is the number of times which the world-sheet wind around the compactified Euclidean time, like in the case of closed strings. We can derive the free energy (3.5) by substituting the mass square in the light-cone gauge [10]
where the oscillation number is given by (2.6) for NS condition and (2.7) for R condition. ν is 1/2 for NS mode, and 0 for R mode like in the closed string case. If we consider multiple D-brane-anti-D-brane pairs, for example, N Dp-Dp pairs, we need to replace the tachyon field T to the (N, N ) representation of the U (N ) × U (N ) gauge group, which we denote by T [57] . In this case, the tachyon potential is given by 9) and it has the maximum at T = 0 (0 is the N × N zero matrix). We have explicitly calculated the finite temperature effective potential in the case that T = diag(T · · · T ). We have computed it by using the microcanonical ensemble method, since we cannot trust the canonical ensemble method near the Hagedorn temperature in general [58] [59]. One may notice that, in the D9-D9 pair case which we are most interested in, two methods lead to the same results [10] .
We summarize here the results of our previous works about the finite temperature systems of D-brane-anti-D-brane pairs in a constant tachyon background [10] [11] [12] . We have investigated Dp-Dp pairs in a 9-dimensional non-compact flat space. The result of the D9-D9 pair case is in sharp contrast to that of the Dp-Dp pair case with p ≤ 8. In the case of N D9-D9 pairs, the |T | 2 term of the finite temperature effective potential near the Hagedorn temperature is approximated as
where E is the energy of open strings. We must impose the condition that the 't Hooft coupling is very small, namely,
for the ideal gas approximation. Because the first term in the coefficient of |T | 2 is a constant as long as v 9 and τ 9 are fixed, and the second term is an increasing function of E, the sign of the |T | 2 term changes from negative to positive as E increases. The coefficient vanishes at the critical temperature T c which is given by
This implies that T = 0 is the potential minimum above the critical temperature. From this we can see that a phase transition occurs at the critical temperature T c , which is slightly below the Hagedorn temperature, and the D9-D9 pairs are stable above this critical temperature. The total energy at the critical temperature is a decreasing function of N as long as the 't Hooft coupling is very small in these cases. This implies that a large number N of D9-D9 pairs are created simultaneously. In order to understand the precise thermodynamic behavior, we need to perform a non-perturbative calculation. For the DpDp pairs with p ≤ 8, on the other hand, the coefficient remains negative near the Hagedorn temperature, so that such a phase transition does not occur. We thus concluded that, in type IIB string theory, not lower dimensional Dp-Dp pairs but D9-D9 pairs are created near the Hagedorn temperature. This is the thermal brane creation transition which we mentioned in §1.
We have also investigated Dp-Dp pairs in a toroidal space. We have supposed that D-dimensional space is toroidally compactified and that the rest of the (9 − D)-dimensional space is left uncompactified (M 1,9−D ×T D ). We have also assumed that the Dp-Dp pairs extend in the d-dimensional space in the non-compact direction, and in the
, that is, the Dp-Dp pairs are extended in all the non-compact directions, the thermal brane creation transition occurs near the Hagedorn temperature and these branes become stable. On the other hand, if D + d ≤ 8, that is, the Dp-Dp pairs are not extended in all the non-compact directions, the thermal brane creation transition does not occur. It is noteworthy that spacetime-filling branes, D9-D9 pairs in the type IIB case, are created at sufficiently high energy not only in a non-compact space but also in a toroidal space, since these branes always satisfy D + d = 9.
Conjecture
In this section we contemplate the relationship between two phase transitions, that is, the Hagedorn transition of closed strings and the thermal brane creation transition. Let us consider the situation that there are closed strings together with open strings in type IIB string theory. Previously we studied the thermodynamic balance between closed strings and open strings in the presence of D9-D9 pairs in the ideal gas approximation near the Hagedorn temperature [12] . In this case, energy flows from closed strings to open strings, and open strings dominate the total energy. This is because we can reach the Hagedorn temperature for closed strings by supplying finite energy, while we need infinite energy to reach the Hagedorn temperature for open strings on these branes. This implies that, as the temperature increases, the creation of D9-D9 pairs begin before closed strings are highly excited.
Let us return to the world-sheet picture of winding tachyon we have described in §2. Atick and Witten argued about the meaning of the condensation of the winding tachyon [7] . The insertion of the winding tachyon vertex operator corresponds to the creation of a tiny hole in the world-sheet which wraps around the compactified Euclidean time, and the condensation of winding tachyon induces an infinite number of tiny holes in the world-sheet. However, what is the hole of closed string world-sheet? Let us try to think about it from a different point of view. Taking a time slice of a sphere world-sheet with some winding tachyon insertion, we obtain open strings because the boundaries of holes wind around the Euclidean time direction. Therefore, this world-sheet represents open strings propagating in the Euclidean time direction. Then we can identify the boundary of a hole created by winding tachyon vertex operator with a boundary of an open string on a D9-D9 pair, and the insertion of winding tachyon vertex operator means the insertion of the boundary of open strings in the tiny hole limit, which wraps the compactified Euclidean time once. Then the sphere world-sheet with multiple winding tachyon vertex operator insertion is naturally reinterpreted as multi-loop world-sheet of open strings. If we enlarge the size of this hole, we can describe open strings with arbitrary boundary. Therefore, we present the following conjecture in type IIB string theory :
D9-brane-D9-brane pairs are created by the Hagedorn transition of closed strings.
That is to say, above two phase transitions are two aspects of one phase transition. In the sense that T = 0 is the perturbative vacuum of open strings, this is a phase transition from the closed string vacuum to the open string vacuum. In other words, the open string vacuum becomes the stable minimum of the Hagedorn transition near the Hagedorn temperature. In the following two sections we describe some circumstantial evidences for this conjecture.
Correspondence in the Closed String Vacuum Limit
In this section, we consider two types of open string amplitude close to the closed string vacuum near the Hagedorn temperature. We show that the cylinder amplitude for large |T | has the form of the propagator of winding tachyon. We also show that the cylinder amplitude with a single massless boson insertion approaches to the sphere amplitude with two winding tachyons and a single massless boson insertion by taking the closed string vacuum limit together with the Hagedorn temperature limit appropriately. This enables us that we can identify a vertex operator of winding tachyon as the closed string vacuum limit of the boundary of an open string world-sheet, which wraps once around the compactified Euclidean time.
Cylinder World-sheet
Let us consider the cylinder amplitude of open strings on a D9-D9 pair. In the ideal gas approximation, free energy of open strings can be obtained by calculating cylinder amplitude in the space where the Euclidean time direction is compactified with period β. In the case of open string gas on a BPS D-brane, it was shown that the one-loop free energy of open strings can be transformed to the propagator of a closed string [60] . We here perform similar calculation in the case of open string gas on a D9-D9 pair. As we have mentioned in §3, we can compute the one-loop free energy of open strings on a Dp-Dp pair as (3.5) on the basis of BSFT. For the p = 9 case, it reads
For the later convenience we show the concrete derivation of the cylinder amplitude and the free energy by using the operator formalism. The cylinder amplitude is given by
The overall factor two comes from the following fact. Let (D9,D9) represent an open string whose one end is on D9-brane while the other end on D9-brane. Then we must impose the GSO projection for (D9,D9) and (D9,D9), and the opposite GSO projection for (D9,D9) and (D9,D9). Thus, the sum of these contributions gives factor two. We choose the form of the boundary action as (3.4), which can be calculated as
3)
The Hamiltonian for world-sheet bulk can be expressed as
for NS sector and
for R sector.k µ denotes momentum operator. α n , b r and d m stand for the oscillators of world-sheet bosons, NS fermions and R fermions, respectively, and c n , b n , β r and γ r that of ghosts, anti-ghosts, superconformal ghosts and superconformal anti-ghosts, respectively. The ghost number operator is defined as 6) and the superconformal ghost number operators as
for NS sector and R sector, respectively. Each part of the trace is calculated as follows. The momentum operatork 0 has discrete eigenvalue, since the Euclidean time is compactified with radius β/(2π). In the case of periodic boundary condition in this direction, then the trace over the momentum mode states is calculated as 5
where we have used the Poisson resummation formula (2.29). In the case of antiperiodic boundary condition, we obtain
In other directions, the trace over momentum mode states gives Gaussian Integral as
For the oscillators of world-sheet bosons we get
.
The contribution from the world-sheet fermions is given by
Tr exp for R sector, respectively. The factor 2 5 in R sector comes from the sum over zero mode states. The ghost part can be calculated by using the fact that the expectation value of c 0 b 0 in the ground states satisfies
The result is
The part of superconformal ghost is calculated as
for NS sector, and 19) for R sector, respectively. The overall factor 1/2 in the R sector case comes from the infinite sum related to the zero modes. Collecting all these together, we obtain
The free energy (5.1) can be obtained by dividing by (−β) and omit the w = 0 term. If we include this w = 0 term to the free energy, it is interpreted as the vacuum energy, since it does not depend on β. Thus, we subtract this term. Now, we are ready to investigate the amplitude in the closed string vacuum limit. For large but finite |T |, the contribution of the amplitude comes from only small τ part. From the boundary action (3.4) we can see that this part corresponds to the tiny hole case. It also corresponds to the high temperature case, since only small τ part contribute when β is close to β H . It is convenient to define 21) and take large t limit. By using the parameter t, the amplitude can be rewritten as
where we have used the modular transformation of the Jacobi theta functions (2.25) ∼ (2.28). If we ignore the w = 0 term, then w = ±1 terms give the largest contribution for large t. The leading term in the large t region is given by
In the case of t ≫ |T | 2 , we can ignore the |T | 2 term in the exponent in the integrand. Then this leading term of the amplitude corresponds to the propagator of zero momentum winding tachyon. Momentum conservation in the directions with Neumann boundary conditions sets the momentum to zero [60] . At first glance, it seems that the mass in this case is a half of winding tachyon one (2.35). However, this difference comes from the factor 2 difference of (2.3) and (3.7). We can derive exact winding tachyon propagator by replacing t by 2t. It is noteworthy that above leading term comes from the cylinder world-sheet wrapping once around the compactified Euclidean time. As we have mentioned in §2, the winding tachyon corresponds to the closed string winding once around the compactified Euclidean time.
Let us compare this one-loop amplitude in the open string case with the sphere amplitude with two winding tachyons insertion in the closed string case. For the latter case, winding tachyon vertex operators become marginal when β = β H , and winding tachyon becomes massless. The sphere amplitude for two closed strings vanishes, since it is divided by an infinite volume of residual conformal Killing group [53] . For the former case, we consider the closed string vacuum limit |T | → ∞ together with the Hagedorn temperature limit β → β H . By using the modified Bessel function K ν (χ), the amplitude can be rewritten as
Let us assume that χ → ∞, as |T | → ∞ and β → β H . 6 Then using the asymptotic form of the modified Bessel function
we obtain the following form of the amplitude
Thus, if we assume that
6 If we instead take the χ → 0 limit, the amplitude diverges.
as |T | → ∞ and β → β H , the one-loop amplitude vanishes. This limit is consistent with χ → ∞. Therefore, if we take the appropriate limit, the cylinder amplitude approaches to the sphere amplitude for two winding tachyons, as is depicted in Figure 3 .
Cylinder World-sheet with a Single Massless Boson Insertion
In this subsection, we show that the cylinder amplitude with a single massless boson insertion approaches to the sphere amplitude with two winding tachyons and a massless boson insertion in the closed string vacuum limit together with the Hagedorn temperature limit. Let us first compute the sphere amplitude for two winding tachyons and a massless boson by using operator product expansion (OPE). This type of amplitude was calculated in the heterotic string case by Schulgin and Troost [62] . We calculate it in type II string theory. In the case of β = β H , winding tachyon is massless, and its vertex operator is marginal. The vertex operator of zero momentum winding tachyon in (−1, −1) picture is given by [53]
where we have definedX 30) and w denotes the winding number. X 0 L describes left-moving modes of X 0 , and X 0 R rightmoving modes. φ andφ stand for the bosonized superconformal ghosts. We pick up zero momentum winding tachyon because it is argued that the Hagedorn transition occurs via its condensation. It is consistent to its correspondence to the Neumann boundary condition of open strings on a D9-D9 pair in the closed string vacuum limit. In order to obtain non-zero amplitude, we should insert the same number of w = +1 vertex operators and w = −1 ones into the sphere world-sheet. This can be interpreted as the conservation of winding number. We here consider the insertion of a single w = +1 vertex operator and a single w = −1 one, so that the world-sheet wraps once around the compactified Euclidean time. The vertex operator for NS-NS zero momentum massless boson in (0, 0) picture is given by
Only µ = 0, ν = 0 component remains after taking the contraction with the vertex operators of winding tachyon. Massless modes of closed strings in NS-NS sector contain graviton, dilaton and Kalb-Ramond fields. We will insert zero momentum vertex operators into the sphere world-sheet in order that the momentum conservation will be satisfied. We need to evaluate OPE of these vertex operators. The OPE of X L and X R is given by
where z ij = z i − z j . Then the world-sheet boson part of the OPE in the product of above three vertex operators is evaluated as
and the expectation value of this part as
is a constant. The expectation values of the ghosts and the bosonized superconformal ghosts are given by
where
is also a constant, and
respectively. Collecting all these together, we obtain the following sphere amplitude A S 2 (w = +1; w = −1; k = 0, e 00 ) = e −2λ ccV
where we have defined the overall constant as 7
In this case the amplitude is non-zero in contrast to the amplitude for two winding tachyons in the previous subsection. Let us next compute the cylinder amplitude with a single massless boson insertion. We use the doubling trick, since we need to insert the closed string vertex operator on the open string world-sheet. We adopt the world-sheet coordinates σ α that are related to the complex coordinate z as
where σ 2 is Euclidean time on world-sheet. We fix the position of the vertex operator at as is depicted in Figure 4 . The ranges of the parameters x and y are given by
According to the doubling trick, the position of anti-holomorphic part of vertex operator is given by Using this vertex operator, we can express the cylinder amplitude with a single massless boson insertion as
We only need to calculate the world-sheet boson part, since the other parts are the same in the case of the cylinder amplitude without vertex operator insertion. The non-zero contributions come from the l 1 = −l 2 terms in the vertex operator (5.49). For the momentum mode in the Euclidean time direction, the trace is calculated as 52) in the case of periodic boundary condition, and 53) in the case of antiperiodic boundary condition, respectively. We have used the Poisson resummation formula (2.29). In other directions, the trace over momentum mode states gives
where L i is the length we are considering in this direction. For the oscillation modes, we need to do a lengthy calculation as follows. In the case of l 1 = −l 2 = −l with l > 0, the trace is computed as
Similarly, in the case of l 1 = −l 2 = l we get
For the oscillation modes in total we obtain 57) where the prime over the sum indicates the exclusion of l 1 = 0 and l 2 = 0. In order to use the identity
we rewrite the sum over l as
where f (l, τ ) is an arbitrary function of l and τ . We choose f (l, τ ) as 60) so that the terms in the sum over l are combined to be the logarithm of the theta functions as follows:
The sum over l can be expressed neatly as
since the second derivative of the factors in the logarithm with respect to x vanishes except for ϑ 1 (x|iτ ). Substituting this into (5.57), we get
Now the calculation of all the parts of the trace in (5.51) are complete. Gathering contribution from all these parts, we obtain
We can infer this form of amplitude from the scattering amplitude at the one-loop level in string theory (see, e.g., Ref. [63] ). Let us turn to the comparison of this amplitude with the sphere one. We define t as (5.21) and take large t limit like in the previous subsection. Using the modular transformation of the Jacobi theta functions (2.25) ∼ (2.28) and
we can rewrite the amplitude as Figure 5 . The cylinder world-sheet with a massless boson insertion (left) approaches to the sphere world-sheet with two winding tachyons and a massless boson insertion (right).
where we have omitted the w = 0 terms. The largest contribution comes from the terms which only include e 00 because x < 1. If we keep only this largest contribution, then we obtain
Like in the previous subsection, the leading term in the large t region comes from w = 1 terms, which correspond to the cylinder world-sheet wrapping once around the compactified Euclidean time. By using the modified Bessel function and its asymptotic form (5.26), we obtain
Finally, if we take |T | → ∞ and β → β H limit with following quantity held fixed
the amplitude is approximated as
which agrees with sphere amplitude (5.40) including numerical constant. Therefore, if we take the appropriate limit, the cylinder amplitude with a single massless boson insertion approaches to the sphere amplitude with two winding tachyons and a single massless boson insertion, as is depicted in Figure 5 . It should be noted that this limit is consistent with (5.28) in the previous subsection. In other words, if we take this limit, then (5.28) is automatically satisfied.
Stable Minimum near the Hagedorn Temperature
Atick and Witten proposed that the Hagedorn transition occurs via condensation of winding tachyon, and tried to look for the minimum of the potential of winding tachyon [7] . We have not succeeded in finding it so far. In the previous section, we have shown that this winding tachyon corresponds to the boundary of open string in the closed string vacuum limit |T | → ∞. In this sense, the proposal of Atick and Witten corresponds to the search of the potential minimum at the closed string vacuum. However, we now aware the space of open string tachyon field. It is reasonable to look for the stable minimum in entire space of the open string tachyon field. We compare the potential energy at closed string vacuum with that at the open string vacuum slightly below the Hagedorn temperature. Let us first estimate the potential energy at the closed string vacuum. Atick and Witten argued that the Hagedorn transition is a first order phase transition [7] . This means that the winding tachyon has an expectation value at the potential minimum even under the Hagedorn temperature. The closed string vacuum without winding tachyon condensation is merely a local minimum of the winding tachyon potential in this case. It is preferable that we compare the potential energy at the open string vacuum with that at the minimum of the winding tachyon potential. However, we have not succeeded in computing the winding tachyon potential so far. We evaluate the potential energy at the closed string vacuum without winding tachyon condensation instead. In this case the leading term of the finite temperature effective potential is given by the one-loop free energy of closed string gas. In order to see the concrete value of free energy of closed string gas, it is convenient to rewrite that in the S-representation as
by using the identity (2.20). Let us define d n as
For large n, asymptotic formula of d n is given by (see, e.g., Ref. [63] )
This large n part contribute to the free energy (6.1) when τ 2 is small. Substituting this asymptotic formula into (6.1), we obtain
where we have introduced the cut off Λ in order to guarantee the approximation (6.3). In the second equality we have used the fact that the integral of τ 1 yields n = n ′ . If we replace τ 2 n by λ in the case that τ 2 ≪ 1, then we can approximate the summation over n by an integral with respect to λ as
where we have defined ρ as
The finite temperature effective potential is given by 11) up to one-loop order, and it is approximated as
In the case of N D9-D9 pairs, we can compute the finite temperature effective potential similarly [12] . In this case tachyon field T is an N × N complex matrix. At T = 0, the potential energy is given by 8
From this we can see that this potential energy decreases limitlessly as the temperature approaches to the Hagedorn temperature. Therefore, the potential energy at the open string vacuum becomes lower than that at the closed string vacuum (6.8) . It is preferable that we compare this potential energy with that at the minimum of the winding tachyon potential as we have mentioned before. However, the result indicates that, at sufficiently close to the Hagedorn temperature, the potential energy at the open string vacuum becomes lower than that at the minimum of the winding tachyon potential as long as the latter is finite. It is natural to think that the open string vacuum becomes the global minimum near the Hagedorn temperature. It is important to note that this calculation does not depend on the choice of Weyl factor, since the boundary term vanishes at T = 0.
Conclusions and Discussions
In this paper we have discussed the relation between the Hagedorn transition of closed strings and the thermal brane creation transition. The main subject of this paper is to propose the conjecture that D9-brane-D9-brane pairs are created by the Hagedorn transition of closed strings. In other words, the open string vacuum becomes the stable minimum of the Hagedorn transition near the Hagedorn temperature. Then we have shown some circumstantial evidences for this conjecture. First, we have shown that, in the Matsubara formalism, two types of amplitude of open strings approaches to closed string ones if we take an appropriate limit. The one-loop free energy of open strings close to the closed string vacuum has the form of the propagator of winding tachyon. The sphere amplitude for two winding tachyons vanishes, and the cylinder amplitude also vanishes if we adopt (5.28) in the closed string vacuum limit |T | → ∞ together with the Hagedorn temperature limit β → β H . If we take these two limits under the condition (5.72), the cylinder amplitude with a single massless boson insertion approaches to the sphere amplitude with two winding tachyons and a single massless boson insertion. These are examples that we can identify the open string amplitude in the closed string vacuum limit with the closed string sphere amplitude with some winding tachyons insertion. It seems reasonable to conclude that we can identify the winding tachyon as the closed string vacuum limit of the boundary of an open string, which winds once around the compactified Euclidean time, though we need to investigate much other type of amplitudes in order to confirm it.
Secondly, we have evaluated the potential energy at the closed string vacuum and at the open string vacuum. We have shown that the potential energy at the open string vacuum decreases limitlessly as the temperature approaches to the Hagedorn temperature. Therefore, the potential energy at the open string vacuum becomes lower than that at the closed string vacuum as long as the latter is finite. From this we may say that the open string vacuum becomes the global minimum in entire space of the open string tachyon field near the Hagedorn temperature. This is the property that the stable minimum of the Hagedorn transition is expected to have.
We have discussed only type IIB string theory case in this paper. However, we expect that almost the same argument holds for the type IIA string theory case. That is to say, non-BPS D9-branes are created by the Hagedorn transition of closed strings. We need to check this case precisely including the overall numerical factors of amplitudes and so on.
In the calculation of the one-loop free energy of open strings in the framework of BSFT, we need to overcome the problem of the choice of the Weyl factors in the two boundaries of the one-loop world-sheet [44] [52] . However, if we can reproduce the same result by using another method, it reinforces our previous studies. We have computed free energy of open strings on a D-brane-anti-D-brane pair based on thermo field dynamics (TFD). This free energy agrees with that based on Matsubara formalism [64] . In the framework of TFD, we can derive free energy in the ideal gas approximation without handling with loop calculation.
We can also analyze D-brane-anti-D-brane pairs at finite temperature by using boundary conformal field theory (BCFT). We are not confronted with a problem of the choice of the Weyl factors if we compute amplitudes in the framework of BCFT. The thermodynamic properties are investigated by using BCFT as S-brane thermodynamics [65] [66] . In this case the boundary action is chosen as that corresponding to the Wick rotated version of rolling tachyon configuration. Previously, the one-loop partition function is calculated based on BCFT by Sugawara [61] . Furthermore, Gaiotto, Itzhaki and Rastelli have advocated that the disk scattering amplitude of m closed string at the closed string vacuum is equivalent to a sphere amplitude with m + 1 closed string insertion in the context of imaginary D-branes [67] . Their calculation might be useful if we compute various amplitudes in the Matsubara formalism on the basis of BCFT, instead of BSFT.
As we have mentioned in §3, we have investigated the thermal brane creation transition in the case of multiple D9-D9 pairs previously. We have concluded that a large number N of D9-D9 pairs are created simultaneously, since the critical temperature is a decreasing function of N as long as the 't Hooft coupling is very small. However, this means that we have to perform a non-perturbative calculation in order to investigate the thermodynamical behavior of strings and branes in the final stage of the phase transition. We need to evaluate the potential energy at the open string vacuum non-perturbatively. It would be interesting to study based on, for example, the matrix model [68] , the IIB matrix model [69] and the USp matrix model [70] [71] . The K-matrix model might also be useful, as it explicitly contains open string tachyon [72] [73] [74] .
The correspondence of amplitude which we have calculated in §5 is satisfied only in the case of a single D9-D9 pair, instead of multiple D9-D9 pairs. We need to check whether this result is consistent with the previous result that multiple D9-D9 pairs are created simultaneously in the thermal brane creation transition. For this reason, we have to investigate thermodynamic properties of strings close to closed string vacuum more precisely.
Finally, the phase transition from closed strings to spacetime-filling branes is reminiscent of the phase transition in the Plank solid model of Schwarzschild black holes [75] . In order to show the validity of this model, we need to show that closed strings are excited enough to reach the critical temperature of the Hagedorn transition in the vicinity of the would-be horizon, and that the world volume theory of D9-D9 pairs at large 't Hooft coupling at high temperature is effectively described by topological field theories. Originally Witten has constructed topological field theories in order to describe unbroken phase of quantum gravity or string theory [76] [77] [78] [79] [80] . In this phase it is expected that general covariance is confined and unbroken, and there are no propagating degrees of freedom. In this sense, we would like to show that the unbroken phase of strings consists of a large number N of D9-D9 pairs. It would be also interesting to investigate the relation between our work and phase of "nothing", which is expected to be generated via the condensation of closed string winding tachyon [81] [82] . Thus, if we can show that the integrand in (2.18) is transformed to that in (2.15) by Q(c, d), this transformation connects the F-representation and S-representation. Now, we describe the relation between the sum over m and n in the F-representation (2.18) and the sum over w in the S-representation (2.15). These integers are connected by Q(c, d). From (A.1), the transformation of τ 2 reads
It should be noted that this transformation does not depend on a and b. Applying this transformation to the sum over w (without (−1) w ) in the one-loop free energy in the Srepresentation (2.15), we obtain
where we have assumed that the factors depending on c or d do not arise from the other factors in (2.15). We here introduce the relation between m, n, w, c and d as [26] [m, n] = w, (A Let us denote the one-loop free energy in the S-representation (2.15), whose domain of integration is restricted to S(c, d), as F S(c,d) . In our case, the domain of integration S(−1, 0) is depicted in Figure 6 . Applying (A.12) to F S(−1,0) , we obtain where j is an appropriate integer. We need T j in order to guarantee that this transformation maps the fundamental domain F into the half strip region S. For the case other than d > c ≥ 1, we can boil down to this case by operating K at first, where K is a product of −I, T S or (T S) −1 [26] . Thus, Q(−c, d) can be represented as .25) In this way, Q(−c, d) are concretely constructed from the generators of PSL(2,Z) modular transformation for each relatively prime pair of integers (c, d). By using these Q(−c, d)'s, we can transform the one-loop free energy of closed string gas in the S-representation (2.15) into that in the F-representation (2.18).
